Abstract. It is shown a technique finding symplectic leaves of a Poisson variety from symplectic ideals of its coordinate ring.
Introduction
Assume throughout the paper that all spaces will be over the complex number field C. Poisson structures have recently played an important role in many branches of mathematics and have been studied by many mathematicians, for instance, in [2] , [5] , [7] , [9] , [12] and [13] . One of important concepts in Poisson variety is symplectic leaves. Hodges-Levasseur-Toro and Vancliff proved in [5] and [12] that symplectic leaves of certain Poisson spaces correspond bijectively to primitive ideals of quantized algebras of the coordinate ring of given Poisson spaces and the author defined in [9] a concept 'symplectic ideal' of a Poisson algebra as a Poisson version of primitive ideal. Hence we guess that symplectic ideals are closely related to symplectic leaves. The purpose of this paper is to explain how closely the concept 'symplectic ideal' is related to the geometric concept 'symplectic leaf'. That is, the following theorem is proved here:
Theorem. Let N be a nonsingular Poisson variety. For a symplectic ideal P of O(N ), set
If V (P ) is a nonsingular subvariety for every symplectic ideal P of O(N ) then S(P ) is a symplectic subvariety of N and N is the disjoint union of such S(P ).
Such S(P ) are called symplectic leaves of N .
The above theorem is very useful in order to find symplectic leaves of a given Poisson variety because there exists a technique to find symplectic ideals of a Poisson algebra in [9] , which is very similar to the technique to find primitive ideals of its quantized algebra. For example, see [9] and [10] . 
. This is equivalent to the property that, for each x ∈ N , there exists a natural linear map
x,N has the dimension n and the bilinear form ·, · x,N is non-degenerate for each x ∈ N . Thus every symplectic variety is nonsingular. For a Poisson manifold M and x ∈ M , the natural linear map B x,M is also defined similarly.
Lemma. Let N be a Poisson variety and let S be a Poisson subvariety. For x ∈ S, rank(B x,N ) = rank(B x,S ). 
where f , g are the elements of O x,S induced by f, g respectively.
Corollary
. Let a Poisson variety N be nonsingular at x ∈ N and let P = (m x,N : H (O(N )) ). If B x,N is an isomorphism and V (P ) is nonsingular at x then P = 0.
Proof. If P = 0 then dim O(N )/P < dim O(N ) since P is a nonzero prime ideal and thus dim m x,V (P ) /m 2 x,V (P ) < m x,N /m 2 x,N . It follows that the rank of B x,N is larger than that of B x,V (P ) , a contradiction to the above lemma. 
Let
N be a Poisson variety and let O(N ) be generated by x 1 , · · · , x n . Setting c ij = {x i , x j }, the Jacobi identity becomes (1.1) i c ir ∂c st ∂x i + c is ∂c tr ∂x i + c it ∂c rs ∂xi = 0 since {f, x r } = i ∂f ∂x i c ir for all f ∈ O(N ). Let I d be the ideal of O(N ) generated by all d × d-minors of the n × n-matrix (c ij ). Note that O(N ) ⊇ I 1 ⊇ I 2 ⊇ I 3 ⊇ · · · ⊇ I n ⊇ I n+1 = 0 V (I 1 ) ⊆ V (I 2 ) ⊆ · · · ⊆ V (I n ) ⊆ V (I n+1 ) = N
Lemma. For each d, I d is a Poisson ideal of O(N ).
Proof. It is checked routinely by using the induction on d, (1.1) and the property c ij = −c ji for all i, j. Consider the Poisson subvariety V (P ) of N . Since P is a Poisson ideal, f , g − g(x) x,N = {f, g}(x) = 0 for all f ∈ P and all g ∈ O(N ), and thus the fact that B x,M is an isomorphism guarantees φ(P ) = 0. Hence we have that
. Therefore B x,V (P ) = B x,M and thus B x,V (P ) is an isomorphism. It follows that B y,V (P ) is an isomorphism for each y ∈ S(P ) since
for any x, y ∈ S(P ). Note that the rank of B x,V (P ) , x ∈ S(P ), is equal to the dimension of O(N )/P .
Assume that rank B x,V (P ) = d for each x ∈ S(P ). Note that, for any y ∈ N , the rank of B y,N is equal to d if and only if y ∈ V (I d+1 ) − V (I d ), where I d are the ideals defined in 1.4. By the lemma of 1.3, rank B x,N = rank B x,V (P ) = d
for each x ∈ S(P ) and thus we have that S(P ) ⊆ V (P ) − V (I d ). Suppose that there exists an element y ∈ V (P )−V (I d ) such that y / ∈ S(P ). Then the symplectic ideal (m y,N : H(O(N ))) = Q contains P properly and thus the dimension of O(N )/Q is less than that of O(N )/P . It follows that y ∈ V (I d ) since rank B y,N is equal to the dimension of O(N )/Q which is less than d. It contradicts to y ∈ V (P ) − V (I d ). Therefore S(P ) = V (P ) − V (I d ), a locally closed subset of N , and thus B x,V (P ) = B x,S(P ) for each x ∈ S(P ) and S(P ) is a symplectic subvariety.
Define a surjective map π by
where max O(N ) (respectively, symp O(N )) is the set of all maximal (respectively, symplectic) ideals of O(N ). Note that max O(N ) is a disjoint union of all π −1 (P ), P ∈ symp O(N ). Identifying N with max O(N ), we have that N is the disjoint union of such S(P ) since S(P ) = π −1 (P ) for all P ∈ symp O(N ). It completes the proof.
1.6. Remark. Suppose that B is a quantized algebra of O(N ) and assume that all topological spaces considered here are equipped with Zariski topology. Then there is a natural topological quotient map from symp O(N ) onto prim B, the primitive ideals of B, for many cases N (see [10] and [11] 
Examples
Here we give several examples for the main theorem. 
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